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In this work we present some qualitative results for a particular type of k-order exchange rate
models. These results concern the existence of the fixed point, it’s stability and it’s attraction
domain and the existence of the period-two cycles. Given the nonlinear nature, these systems
can display a more complex evolution (chaotic behavior, period doubling-bifurcation, limit
cycle and period-p cycle with p>2). For k=2 and k=3 we have presented in [4] -[ 7] mathe-
matical and numerical results. The present work objective is to generalize the results obtained
for the second-order dynamical system and the third-order dynamical system. The algorithms
implementation must to be make for more value of k and this is practical very difficult (spe-
cially for chaotic behavior study) and in the numerical simulations the initial conditions val-
ues and parameters are constants. For this reason, now, we present only mathematical re-
sults. However, our study conduces to interesting similarities between the dynamics of this
type models.
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Introduction A basic equation gener-
ally used to model the exchange rate is

E (S.;) is the expectation held today
(time t) in the market about next period

the following (see [1], [2]):

D S=XE(S,)
where § is the exchange rate at time t;
X,can be thought of as a reduced form

equation describing the structure of the
model and the exogenous variables that
drives the exchange rate in the period t;

t+1 exchange rate; b is the discount factor
that speculators use to discount the future
expected exchange rate (O<b<1).

This model permits to take into account
two components for forecasting, a forecast
made by the chartists and a forecast made
by the fundamentalists:

@ E(S)/S:=(Ea(Sa)/S)" (En(S)/S)™"

where E,(S,;) has the same meaning as
before; Ect (St+1) and Eft(St+1) are respec-
tively the forecasts made by the chartists
and the fundamentalists; m, is the weight
given by the chartists and 1- m, is the

weight given by the fundamentalists at
timet.

Te fundamentalists are assumed to calcu-
late the equilibrium exchange rate S . The

steady state can be calculated by imposing

Eq(S.)=S=S.,. This implies that
S = (X))

When the current exchange rate is
above/below relative to the equilibrium
rate, the fundamentalists expect that the fu-
ture exchange rate to go down/increase.
The fundamentalists expect the market rate
to return to that fundamental rate S with

the speed a during the next period, if they
observe a deviation today, then their fore-
casts are obtained from the following
model:
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Eft (Sﬂ) * da

o SorRs

The chartist use the past of the exchange
rate to detect patterns that they extrapolate
in the future. An equation, which give a
very genera description of different mod-
els used by chartists, is the following:

E4 (S
()
t-1
It is possible to specify such arule in very
general terms as follows:

a>0.

(7) E (Sl+1)

For the sake of simplicity, the exogenous
variable X, are considered equal to one.
Using these models for the chartists, in the
equation (1), we obtain k-order discrete
dynamical systems.
Now, substituting the equation (3) and (7)
into (2), and (2) into (1), we get the follow-
ing system:

(8) S = S[((i+a )mb+(1-a)b] St—_ckmlb .
If we denote 5§ =InS , then the system (8)
can be rewrite in the following way:

(9._2 (c+a)p ch
+b(e - 1)? Trb(e -1

with sT R, "t Z.Wealso can rewrite
(9) in a vectoria form and we get the ex-
pression:

(10) (St+2""’st+k+l) = F(St+l""’st+k)

if we define the function F:R* ® Rk,
such that

F (X X ) = (FL (X e X ey B (K500 X))
where F (X,..., %) =X%,, 1=1k-1 and
Fie (X0 %) =1 (6% +T (%)%, and

. _ (c+a)b i
i (¥ “TrbE .1’ +(1- a)b and

_ cb
f(X) __—1+b(ex- 7

5
§ +(1-a)bzs ;-
2

ESL

=

QIO

SN+ Y

O
2 Zl gst 3@ g St N ﬂ
The weght m,, in (2), given by chartists is

1
6 m= — . b>0.
1+ b(Sl—l - 81-1)2
The parameter b measures the precision
degree of the fundamentalists estimates.
In this work, for the chartists behavior one
assumed the following models:

a(Sm) _35,
®) g

c>1 k32 kI N.

2. Fixed point for the system (10). Exis-
tence and unicity, stability and attrac-
tion domain

2.1. Fixed point —existence and unicity
Proposition 1. In the case in whichc>1
bl (01), a>0 and b >0, the system
(10) has only the fixed point (G....,0)
((0..,00T R").

Observation 1. (The fixed point stability).
The Jacobian matrix of F at (0,...,0) isthe
matrix

e0 1 .. 0 o
¢ -
j=§" ~ and this mer
¢0o 0 .. 1
é- cb 0 (c+1)by

trix has the determinant

DI +(-DtA+obl P+ (- D*bce.
Calculating the eigenvalues of the Jacobian
matrix we can establish when the fixed
point is stable or unstable.
We give not a mathematical solution for
this problem, but we make the following
observation:
Now, we fix c=2. Using computational re-
sults, we obtain that: 1) if k=2 then for
bl (0,0.5 the fixed point (0,0) is gable
and for bl (0.5) the fixed point is unsta-
ble; 2) if k=3 then for bl (0,0.3165) the
fixed point (0,00) is stable and for
bl (0.3165,1) the fixed point is unstable;
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3)if k=4 then for bl (0,0.2654) the fixed
point (00,000 is sable and for
bl (0.2654,1) the fixed point is unstable;
4) if k=5 thenfor bl (0,0.2428) the fixed
point (0,00,0,0) is stable and for
bl (0.2428,1) the fixed point is unstable;
5) if k=6 then for bl (0, 0.2306) the fixed
point (0,00,0,0) is sable and for
bl (0.2306,1) the fixed point is unstable;
6) if k=10 then for bl (0,0.2119) the
fixed point (0,0,0,0,0,0,0,0,0,0) is stable
and for bl (0.2119,1) the fixed point is
unstable. However, from these empirical

cl For s,;,S.<0:

(c+D+(1-a)b(e™ -

_ . &
cll if s, g ¥,

results, we can observe difference of dy-
namics, between different order systems.

2.2 Attraction domain for the fixed point
In the case in which a fixed point is stable,
it is important to study it's attraction -
main. In order to make this study, now, we
give the following results:

Proposition 2. Under the assumption:

- 1 g =
C>1, bI %,—’a al Oyla ’ b>0!
0 oerag 2 O

s R, tT z, the following relations are
verified:

8

S Ethen - Siu > Sk >0> Sk > St

+then

+k =+

c
- S+k _ 1)2
cl2. if 5, = c+D+(@1-a)b(e™ -1 S.i then s, =0>5,, >S,,
c
- Sk~ 1) 2 - S+k _ 1)2 -
c13 if 5,1 CerDFE-ab(E - 97 (cribrd-apbet -7 9
g Cc 1+ Cb+ b(est+k _ 1) p

O > SI+k+1 > St+k 1 O > SI+|(+l > St+l
cld if s, = (

c+Db+(L- a)bb (€% - 1)2

1+cb+b (e - )?

. a#c+1Db+(1- a)bb (v - 1)2

C15. if 5,1
R 1+cb+b(e™ - 1)

c.2. For s,,,S,,>0:

(c+1)b+(1- a)bb (e%* - 1)2

c2.1. if 5,1 é%

1+ch+b (e - 1)?

_ (c+Db+(1- a)bb (e - 1)

§+k then O > St+k+l = §+1 > St+k

(.j
St+k 70% then O > St+1 > St+k+1 > §+k

5
S then s, > S >S4 >0

2

2.2, if th > =s,,>0
c I S+1 1+Cb+ b(es“k _ :Dg St+k en S(+k S+k+1 St+l
R _ Stk _ 1) 2 _ S+k _ 1)2 o
23, if 5,1 HKc+1)b+(1- a)bb(e 1 B (c+D)+(@1-a)b(e 1 . 2hen
g 1+ch+b(e** - 1? C @

§+k > §+k+l > O’ §+l > §+k+1 > O
- S+k - 2
c24. if 5, =CrD+A-a)ble™ - 1
C

c.25. if stﬂi g(c"']) +(1- ac)b(e$+k - 1)2

c3. For s,,<0s,,>0:

then St+1 > §+k > §+k+l = O

8
Siks ¥ gthm Sa > S« = 0> Sir1 = " S
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_ _ _ Strk _ 2
c.3.Lif s,,1 §¥,(C+Db 1+[d-a)b-1b(e D §+kgthen
cb 9
" Su” S~ S« 0> S
_(c+Db- 1+[(1- a)b- b (¥ - 1)?

C32 If §+1 - Cb St+k then §+k+1 = §+k > O >St+1
~ - - - St +k - 2 0
c33. if 5,1 ?ﬁl)b CUCSLOGRE LICEE S0z then 5, >5,,,,>0>s,
cb g
c4. For s,>0,5,<0:
. @@ (c+Db- 1+[(1-a)b- Jb(e™ - 1 &
C41 If §+1 I go’ b St+k Z thm S't+1 > 0> St+k+1 > St+k
C @
. c+1)b-1+[(1-a)b- b (e** - 1)°
c4.2. if S = ( ) [( Cg ] ( ) Stk then Sa >0> Skt = Sk
N - - - S+k _ 2 0
c43. if 5,1 ?“Db 1+[d-a)b-dbE™ - I S ¥ T then
cb g

Sa > 0> Sk = Sk = " Sa
c5 if §,<0ad s, =0then0<s,,,,<-S,

c6. if 5,>0adthen-s,<s,., <0
C'7' If $+1 :O a1d §+k <O then §+k < §+k+1 < 0

c8. if 5,,=0

Remark 1. For c>1a 1 (01), b >0 and

oi B-——"U we find tha
& ' 2c+1H

St+k+1| £

max{

Sjke1

If we define: S, = Si(j.yier if

St+(j-l)k+i
= max{

§+jk|} , where j1 Z
i =1k, then the sequence {|s. ls, is
monotonously decreasing and positive and
this implies that the sequence {|s;, \Jt¢ . is
S ik
1) !'@59 S:+jk =por2 Itiggé S+ =-por
3) Itgg Sk =P

for t+jki T,

S+(j—1)k+l

convergent. If p= !lggé , then

ltgg S+ =-p for
TTI1 Z with
and T, T are

t+jkl T, where
TQT':/E TET =Z
infinite.

$+(j-1)k+1

S+(j+1)k|} £ rnaX{

et $+k >0 then 0< §+k+1 < §+k

max{ |S.|.|s.f}, " sT RtT Z. This rela
tion implies that

st 2,1 2

Using the Proposition 2 and the Remark 1,

we give the following result: i

Proposition 3. For c>1,al (01),b >0
10

2c+1H

any initial condition of the system (10).

This implies that the fixed point (0,...,0)

((0,...,00T R¥) isglobally attractive.

From the Proposition 3 and Observation 1

we get the following results:
Proposition 4. The fixed point (0,...,0)

((0....,0)T R*) isstable for bl (0,y(c,k)),

the limit p is null for

and bl 85
e

where

£ y(c,k)<1.
or1 y(c,k)
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3. Period-two cyclesfor the system (10)
A period-2 point of the system (10) is a so-
lution of the equation (s,...,S)=

F%(s,,.S,) where (S8

and (s;,...,S,,,) = (S, S) imply that

D) (s::8048,8,) =F (81,85, 8, 8) and
(s)Sy1--:S,,8) =F(s,, 8-, S,,S,) if kKis
an uneven number

2) (s,,8,,:48,,8) =F (8,8, 8,S,) and
(s;Sy,--45,S,) =F(s,, 8-, S,,8) if kis
an even number

where the vectors are in R¥.

3.1k isan even number

Proposition 5. Under the assumption ¢ >1

and b (01),if al &, 1+1%0r
e bt
al §+E,¥9and
e b g

e (cH)b+(i-a)bb (e*-1)2 «

(c+Db+(L- ajbble "

e

5 (C+Db+(1- a)bb (€ - 1)2

115
(c+1Db*(a - 1)+1+cbu
bi a% @-170- uth sys-
tem (10) has no cycle of perlod two.
If al $+£,¥9and
e b g
. agc +1)b%*(@ - 1) +1+cb ¥9the
[(@a-D%b*-1 ' 4

system (10) has only a cycle of period two.

This cycle s {(s,S,,-45,S,),
(s,,S---S,,8)} where s and s, are the

solutions of the eguation
& (x
e ()x) X
6 10 o3 which

2] (X Xgl f (X)

1-f (x5
meansthat s and s, are the solutions of
the equetion

1-f

=1.

e (ch)b+(l-a)bo (- 1)2
1+ch+b% BebrdE-Vf
¢

e

| —
QO

1+cb+b(e* - 1)?

The numbers s and s, verify therelation ss,<0.Let s > 0 to be the positive number.

gc+1)b’*@ - 1)+1+cb (1+20b+10

If bi
(@-D%0*-1 '[@-Db-1Ug
e 11+(1+20)b0
SZ<"”§[ \/b[(a -1 5
b0 e(2c Db+1

d@-Db-1" 5

11+(2c+D)b0

&
=z then s > Inél \/bmgand

® a2
¥ then s 1 @n \/

1 (2c+)b+10 n&. \/1(2c+1)b+100md
b[@-Db-15 §1

bl@a-)b- 5

1 (2c+Db+10 & \/£(2c+1)b+199_

%! él \/b [(a-Db-1 5 'n§1+

From the Propositions 4 and 5 we obtain
the following result:

b [(a -

Db- 1 55
Proposition 6. If c¢>1, bi &0, )
@ 2c+lg

R 1 I
al é‘i+—,¥9 and
e b g
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agc+1)b’*@ - ) +1+cb

bi 5 ,¥ , then the
[(a - 1)*b* - 1] g

fixed point (0,...,0) ((0,...,0)T R*) isonly

locally stable.

Observation 2. We can observe that for
the period-two cycle existence, in this case,
it is not important k (the order of the sys-
tem).

3.2 k isan uneven number

Proposition 7. Under the assumption ¢ >1

andbi (01),if a1 &, 1+=Yor
é bH

b*@-)+10
i +_¥ and b1 g0, 8 I*25
al geixs £ @ - )77 - 11

the waem (10) has no cycle of period two.
If al §+1,¥9and
e b g
. @&b?(@ -
b b*(@a 21)2+1
fa- 170" - 3
has only a cycle of period two. Thiscycle

IS{(88,::%,,%).(8,, 8,8, S,)} where
§ and s, are the solutions of the equation

5
, ¥ = the system (10)
%]

G )+F X))+ (G ) +F ()x)D( (x)+f (X)) =1, which meansthat s and s, arethe

solutions of the equation

8

ab

e + :
§e§1+b< -1)2 5 .1

: 5

Thenumbers s and s, verify therelation
ss,<0.Let s >0 to bethe positive
number.

. @&b’@a-1n+1 b+1 0

f bl
f@-00 - 0@ Db-1g

Singi+ |2 1P Oy
€ \bi@-Db-14

1+b

D+ O O vO) vO vO O

& \/1 b+1

s 1 §In§1+ =

I A ek

—_+(-a)h S (- ab)—-l
wandx 0 31 b( -1

B, [L_1tb 0
) ”? \/b[(a Db- 15

i € b+l ¥2then

' S@-10-1"

%_lnae_\/i b+1 de
b[(a-l)b-l],'a gl b[(a-l)b-]]%

1 b+1

s, 1 J 9 Ina?L+\/——£
él b[(@- Db-1 1)b 15 (é b [@ - Db- 1] 5

From the Propositions 4 and 7 we obtain
the following result:

Proposition 8. If ¢>1, bl a% 19

2c+ 1g

al gi+l,¥9 and
e b g

) .
i E2 @ DL O ihen the fixed
[(@-D°b"-1 4

point (0...,0) ((0,....0)T R*) is only lo-
caly stable.

Observation 3. We can observe that for
the period-two cycle existence, in this case,
it is not important k (the order of the sys
tem) and it is not important c.
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Conclusion

This study conduce at conclusion that there
it exists similarities between the dynamics
of the systems studied. These results are
interesting from a mathematical viewpoint.
But aso, these results conduce a eco-
nomical interpretations.
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